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ABSTRACT

This report is the culmination of a semester-long reading project on Arithmetic
of Elliptic curves under the guidance of Dr. Somnath Jha, II'T Kanpur. The the-
ory of elliptic curves lies in the center of what we understand and what we don’t
understand. The field is a very rich branch of mathematics and once a famous
mathematician said that it is possible to write endlessly on elliptic curves. Yet the
field is full deep conjectures and even very fundamental results are unknown. In this
report, we look at one of the (proven)fundamental results about elliptic curves, the
Mordell-Weil Theorem and ideas and tools that go into its proof.

This report is expository in nature and no new result is being claimed.
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1 Introduction

Elliptic curves are non-singular curves of genus 1. It can be proved that every
such curve can be given by a so called Weierstrass equation. Now curves given by
Weierstrass equation have an amazing property that their points forms a group. The
group law can be described geometrically very easily which consists of drawing lines
and taking intersection with curve so it is called chord-tangent law.

Mordell-Weil theorem is one of the fundamental results in the theory of Elliptic
curves which says that when an elliptic curve is defined over a number field K, then
its group of K-rational points is finitely generated. So there are only finite number
of K —rational points which generate all other K —rational point using the chord
tangent law. It was proved by Louis Mordell for Q and generalized by Andre Weil
to general number fields.

In this report we define elliptic curves, prove that every elliptic curve can be given
by a Weierstrass equation, define its group law and prove the Mordell-Weil theorem
for Q. The most difficult part in proving the theorem is a result called Weak Mordell-
Weil theorem which we prove in full generality. From here, with a little more effort,
one can prove the Mordell-Weil theorem for arbitrary number fields.

2 Preliminaries

Notation which will be used throughout this note:
K  a perfect field

K  a fixed algebraic closure of K
Gal(K/K) the Galois group of K /K

Here we state some standard results related to curves (algebraic varieties of di-
mension 1). The results of this section will be used to prove the equivalence between
elliptic curves and non-singular Weierstrass equations.(Theorem 3.11). The main
result of this section is the Riemann-Roch theorem and its consequences

Here we assume familiarity with basic algebraic geometry ( [ |, Chap-
ter 1). Let C be a curve and P € C. Following notation will be used throughout
this section:

C/K a curve defined over K
K(C) the function field of C over K
K(C) the function field of C over K

2.1 Map between curves

Proposition 2.1. Let C be a curve, V C PV be a variety, P € C be a non-singular
point and ¢ : C' — V be a rational map. Then ¢ is reqular at P. In particular, if
C' is a non-singular curve then ¢ is a morphism.

Theorem 2.2. Let ¢ : C; — Cy be a morphism of curves. Then ¢ is either constant
or surjective.



2.2 Divisors
Let C' be a non-singular curve for the rest of this section.

Definition 2.3. The divisor group of C, denoted by div(C') is the free abelian group
generated by points on C. i.e. div(C) = @ pecZ(P).

Definition 2.4. To every f € K(C)*, we associate a divisor to f given by
div(f) = Y ordp(f)(P)

peC

Definition 2.5. A divisor D € Div(C) is called principal if 3f € K(C)* s.t.
D = div(f). The set of principal divisors are denoted by Princ(C). Two divisors
are called linearly dependent if their difference is principal. If Dy and Dy are linearly
dependent then we write Dy ~ Ds.

Definition 2.6. The divisor class group (or Picard group) of C, denoted by Pic(C)
is Div(C')/Princ(C).

Proposition 2.7. Let C be a non-singular curve and f € K(C)*.
(a) div(f)=0 < fc K*.
(b) deg(din(f))=0.

2.3 Differentials

Definition 2.8. Let C be a curve. The space of (meromorphic) differential forms
on C, denoted by ¢ is the K-vector space generated by symbols of the form dx
where x € K(C') subject to relations

(a) d(z +y) = dx + dy for all z,y € K(C),

(b) d(zy) = xdy + ydx for all z,y € K(C),

(c)da=0forallac K.

Proposition 2.9. The space Q¢ is a one dimensional K(C)-vector space.
Proposition 2.10. Let P € C, and let t € K(C) be a uniformizer at P.

(a) For every w € Qg, there exists a unique function g € K(C), depending on w
and t, satisfying w = gdt. We denote g by w/dt.
(b) Let f € K(C) be reqular at P. Then df/dt is also reqular at P.

(c) Let w € Q¢c. The quantity ordp(w/dt) is independent of choice of uniformizer
t. We call this value the order of w at P and is denoted by ordp(w).

Definition 2.11. Let w € Q¢. The divisor associated to w is

div(w) = Y ordp(w)(P)

pPeC

Definition 2.12. The differential w is called regular or holomorphic if ordp(w) >0
for all P € C. It is called non-vanishing if ordp(w) < 0 for all P € C.



Remark 2.13. Let w;,w; € Q¢ be non-zero differentials, then the proposition 2.9
implies that 3 a function f € K(C)* s.t. w; = fws. Hence div(wy) ~ div(wy) and
the following definition makes sense.

Definition 2.14. The canonical divisor class on C'is the image in Pic(C) of div(w)
for any non-zero differential w € €2¢. Any divisor in this divisor class is called a
canonical divisor.

2.4 The Riemann-Roch Theorem

Definition 2.15. A divisor D = Y np(P) is called positive (or effective), denoted
by D =0, if np > 0 for every P € C. For Dy, Dy € Div(C), we write Dy 3= Dy to
indicate D; — Dy = 0.

Example 2.16. Let f € K(C)* which is regular everywhere except at P € C
where it has pole of order atmost n. These requirements on f can be written as

div(f) %= —n(P). Similarly, div(f) = (Q) —n(P) says that in addition, f has a zero
at @.
Definition 2.17. Let D € Div(C'). We associate to D the set of functions,

L(D) = {f € K(C)" : div(f) » =D} J{0}

It can be proven that £(D) forms a K-vector space and its dimension over K is
denoted by ¢(D).

Proposition 2.18. Let D € Div(C).
(a) If deg(D) < 0 then L£L(D) = {0} and ¢(D) = 0.
(b) If D" € Div(C) s.t. D' ~ D. Then L(D) = L(D') and so {(D) = {(D").

Proof. (a) If f € £(D) with f # 0, then div(f) = —D. This implies deg(div(f)) >
—deg(D). Now use 2.7(b) to conclude that deg(D) > 0.

(b) Let D = D" + div(g), then L(D) — L(D’), f — fg is an isomorphism.

Example 2.19. Let K¢ = div(w) be a canonical divisor. If f € L(K¢), then
div(f) = —div(w) = div(fw) =0
So fw is holomorphic. Conversely, if fw is holomorphic then f € L(K¢). Hence
L(K¢) ={w € Q¢ : w is holomorphic}
Now we state one of the fundamental results in algebraic geometry.

Theorem 2.20. (Riemann-Roch) Let C' be a non-singular curve and K¢ be a
canonical divisor. Then there is an integer g > 0 s.t. for every D € Div(C),

D) —U(Kc—D)=deg(D)—g+1
Corollary 2.21. (a) {(K¢) =g



(b) deg(Kc) = 2g — 2

(c) If deg(D) > 2g — 2, then ¢(D) = deg(D) — g+ 1.

Proof. (a) Use theorem 2.20 with D = 0. Note ¢(0) = 1

(b) Use theorem 2.20 with D = K¢.

(c) From (b) we have deg(Kc — D) < 0. Now use proposition 2.18(a).



3 Geometry of Elliptic curves

In this section, we define elliptic curves, our main objects of study and see some of
their basic properties.

3.1 Weierstrass equations

Definition 3.1. A Weierstrass equation is a homogenous equation of the form
Y2Z 4+ a XY Z +asY Z* = X3+ auX*Z + ay X 7% + as Z° (1)
where ay, ...,a6 € K.

Elliptic curves are curves of genus one with a specified base point. We will see later
that every such curve has a Weierstrass equation with specified point O = [0, 1, 0]
on the line at oc.

To ease the notation, we generally write dehomogenized equation of F

E:y* 4+ ajzy + azy = 2° + aox® + aux + ag,

while always remembering that there is an extra point O = [0, 1,0]. If ay, ..., a6 € K,
we say that F is defined over K.

If char(K) # 2, then we can simplify equation by completing square. Thus the
substitution y — (y — a1z — a3)/2 gives (where by = a? + 4ay, by = 2a4 + aa3 and
b6 = (I% -+ 4@6)

E y2 = 42 + byx® + 2byx + bg

Useful quantities associated to E are
bg = a?aG + daqag — ajazaq + a2a§ — ai,
Cyp = b% - 24b4,
cg = —b3 + 36byby — 216bg,
A = —b2bg — 8b3 — 27b2 + babybg,
j=c/A

dx B dy
2+ a1z +as 322 + 2a0x + ag — a1y

Definition 3.2. A is called the discriminant of the Weierstrass equation 1, j is
called the j-invariant and w is called invariant differential of the elliptic curve.

Let P = (xo,%0) be a point satisfying a Weierstrass equation
flx,y) = y° + ey + agy — 2° — aga® — aux — ag
and assume that P is singular point of the curve f(x,y) = 0. Then

of oy _ Of oy
%(P)—@(P)—O

It follows that there are a, f € K s.t. the Taylor series expansion of f(z,y) at P
f(x,y) = fxo,90) = ((y = vo) — alz — 20))((y — o) — Bz — x0)) — (z — x)°



Definition 3.3. With notation as above, the singular point P is a node if a # 3.
In this case, the lines (y — yo) = a(z — zo) and (y — yo) = S(z — x0) are the tangent
lines at P. If a = 3, then we say P is a cusp.

Proposition 3.4. The curve given by a Weierstrass equation is non-singular <=
A =0.

Proposition 3.5. The invariant differential associated to a non-singular Weier-
strass equation is holomorphic and non-vanishing. i.e. div(w) = 0.

3.2 The group law

Let E C P? be an elliptic curve given by Weierstrass equation, P = (x,y) € E and
L C P? be a line. Since equation has degree 3, the line L intersects £ at exactly 3
points say P, (Q, R. Of course, when L is tangent then P, (), R need not be distinct.
We define a composition law + given by the following:

Definition 3.6. (Composition law) Let P, € E, let L be line through P and
Q (if P = @ then L is tangent at P) and let R be the third point of intersection of
L with E. Let L’ be line through R and O which intersects F at a third point. We
denote third point by P + Q).

Y . ‘
61 =2+ 7

A

Proposition 3.7. The composition law has following properties:
(a) P+O=P for all P € E.

(b) P+Q=Q+P for all P,Q € E.
(c) Let P € E, then there exists a point on E, denoted by —P s.t. P+ (—P) = O.
(d) Let P,Q,R€ E. Then (P+ Q)+ R=P+(Q+ R).

In other words, the composition law makes E into an abelian group with identity
O. Further if E is defined over K, then

E(K)={(z,y) € E:z,y € K} U{O}

s a subgroup of E.



Proof. All of this is clear except the associativity law which can be verified directly
by a tedious calculation using explicit formulas for addition law we give later. [

Remark 3.8. Let m € Z be an integer and P € E. Then we let [0]P = O,

[m][P=P+..+P(ifm>0)and [m]P=—-P—...— P(if m<0)
m—times | |—t‘

Proposition 3.9. (Group law algorithm) Let E be an elliptic curve given by
Weierstrass equation (1).

(a) Let Py = (x0,%0). Then —FPy = (z0, —yo — a1x9 — a3).
Nezxt let Py + P, = P3 with P, = (z;,y;) € E fori=1,2,3
(b) If ©1 = xo and y1 + yo + a1x2 + a3 = 0, then Py + P, = O. Otherwise define A

and v by the following formulas:

_ o
[fay # ao, then A= 2" gpgy = S22 7920

323 + 2a921 + ay — a1y and v — —13 4 agry + 2a6 — azy
2y1 + a1y +as 2y1 + a1y +as
Then y = A\x + v is the line through P, and P, or tangent to E if P, = Ps.

If v1 = x5, then A =

(c) Py = P, + P, has coordinates x3 = A\?> + a1\ — ay — vy — x9 and y3 = —(\ +
aj)xs — v — as. In particular, the duplication formula for P = (z,y) € E
xt — byx? — 2bgx — bg
z([2]P) = (2)

423 + boa? + 2b4x + bg

where by, by, bg, b are the polynomials in the a;’s given in section 2.1.

Proof. The formulas are a just trivial matter of finding slope of line passing through
two points, slope of tangent line at a given point and finding coordinates of inter-

section of a line with the curve. O]
3.3 Singular Weierstrass Equations

Definition 3.10. Let E be a curve given by Weierstrass equation. The non-singular
part of E. denoted by E,, is the set of non-singular points of F.

Here we see that if we remove singular points from the curve then remaining curve
E,; is still a group. Recall from definition 3.4 that there are two possibilities for a
singular point.

Proposition 3.11. Let E be a curve given by Weierstrass equation with A =0, so
E has a singular point S. The composition law 3.6 makes E,  into an abelian group.

(a) Suppose E has a node and let y = cyx + By and y = asx + By are the distinct
tangent lines at S. Then the map

y—oqr — [

Ens—>K*a z,y L
(z.9) Y — aax — B

s an isomorphism of abelian groups.
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(b) Suppose that E has a cusp and y = ax + [ be the tangent line at S. Then
x —x(9)

y—ar—p

is an isomorphism of abelian groups. ((K, +) is the additive group of K )

Ens — (K7+)a (l’,y) —

3.4 Elliptic curves

Definition 3.12. An elliptic curve is a pair (£, O), where E is non-singular curve
of genus one and O € E. If E is defined over K and O € FE(K) then we write E/K.

It can be proved using Riemann-Roch theorem that every elliptic curve is isomor-
phic to plane cubic. Precisely

Proposition 3.13. Let E/K be an elliptic curve. Then

(a) There exist functions x,y € K(E) s.t. the map ¢ : E — P? ¢ = [z,y,1]
gives an isomorphism of E/K onto a curve given by Weierstrass equation (1)
with ay,as,..as € K and ¢(O) = [0,1,0]. The functions x and y are called
Weierstrass coordinates of E.

(b) Any two Weierstrass coordinates for E as in (a) are related by linear change of
variables of the form

X =uw*X"4+7 Y =Y +su’X' +t whereuc K* andr,s,t € K (3)

(c) Conversely, every non-singular cubic curve given by Weierstrass equation 1 de-
fines an elliptic curve over K.

Proof. (a) Since g = 1, we have £(n(0)) = dim(L(n(0))) = n for all n > 1. Choose
functions = and y such that {1, 2} and {1, z, y} are bases of £(2(0)) and £L(3(0))

respectively. Also £(6(0)) has dimension 6 but it contains seven functions
Ly, 2% zy,y*, o

It follows there is linear relation A; + Ay + Asy+ Aya? + Aszy+ Agy? + Az23 = 0.
Note that AgA; # 0, since otherwise every term would have a pole at O of a
different order, and so all of the A;’s would vanish. Replacing z and y by
—AgAzz and AgAZy, respectively, and dividing by A3 A%, we get a cubic equation
in Weierstrass form. This gives a map ¢ : E — P2, ¢ = [z,v,1]

whose image lies in C, the locus described by a Weierstrass equation. Note
that ¢ : £ — C' is a morphism (by 2.1) and it is surjective (by 2.2) and
»(0O) =[0,1,0]. One can prove that ¢ is an isomorphism.

(b) Clearly {1,z} and {1, 2’} are both bases for £(2(0)) and {1, z,y} and {1,2', vy}
are bases for £(3(0)). Thus there are constants u;, us € K* and r, s9,t € K s.t.

r=wa +r, and y=uy + s’ +1
Derive that u3 = u3 and let u = uy/u; and s = so/u’.

(¢) Use Riemann-Roch theorem and proposition 3.5.

11



4 The formal group of elliptic curves

In this section, we study ”infinitesimal” neighbourhood of E centered at O. To do
this, we associate a group to F called its formal group. The main result is theorem
4.11 which will be used to prove theorem 5.6.

4.1 Expansion around O

To study addition law of E close to O, we make change of variables
z=—x/yand w=—1/y sothat z=z/wandy=—-1/w (4)
The point O is now (z,w) = (0,0). The Weierstrass equation of E becomes
w = 2% + a12w + ap?w + asw? + agzw? + agw® = f(z,w)

Now we substitute this equation into itself recursively so as to express w as a
power series in z.

w =2+ (a2 + az®)w + (a3 + agz)w? + agw®

= 2%+ (012 + 0227) [z + (12 + a22”)w + (a5 + as2)w’
+ agw?] + (az + as2)[2* + (012 + ap2®)w + (a3 + ag2)w? + agw?]

+ ag[2® + (ar2 + ag2®)w + (a3 + ag2)w? + agw®]?

2

= 221+ Az + Ay2® + 1) = w(2)
To describe more precisely the algorithm for producing w(z), define a sequence
fl(zaw) :f(zaw)a and fm-i-l(Z?w) :fm(Z,f(Z,U)))
Then set w(z) = limy,— 00 fm(2,0) provided this limit makes sense.

Proposition 4.1. (a) The procedure described above gives a power series
w(z) = 22 (1 + Az + A2 + ..) € Zlay, ..., ag][2]
(b) The series w(z) is the unique power series in Zlay, ..., agl[z] satisfying

w(z) = f(z,w(z))

Proof. Both (a) and (b) are special cases of Hensel’s lemma. To prove it, apply
lemma 4.2 with R = Z[ay, ...,a¢][z], I = (2), F(w) = f(z,w) —w, a = 0 and
a=—1. [

We recall Hensel’s lemma from Algebraic Number Theory.
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Lemma 4.2. (Hensel’s Lemma) Let R be a ring that is complete w.r.t. some
ideal I C R, and let F(w) € Rlw] be a polynomial. Suppose that there is an integer
n > 1 and an element a € R satisfying

F(a) e I"™ and F'(a) € R*
Then for any o € R satisfying o = F'(a) (mod I), the sequence
F(w,y,)
a

converges to an element b € R satisfying F(b) = 0 and b = a(mod I™). If R is an
integral domain, then these conditions determine b uniquely.

wo=a and Wyl = Wy —

4.2 Formal group of Elliptic curves

Using the power series w(z), we derive Laurent series for x and y

z 1 a
iL'(Z) *—*1—@2—a32—(a4+a1a3)z2—...,

:w(z):z2 z

! L O 2t (0t aras)
=——=+ =+ —+a3+ (s +aa3)z — ...

w(z) 28 22z ’ LT

y(z) = —

The pair (z(2),y(2)) provides a formal solution to the Weierstrass equation
By +axy + asy = 2% + aox® + agr + ag (5)

Now let K be a complete local field with the ring of integers R and the maximal
ideal M. Suppose E is defined over K with aq,...,ag € R. Then the power series
x(z) and y(z) will converge for any z € M. Thus we get an injective map

M — B(K), z— (x(2),y(2))
(This map is injective because it has an inverse (z,y) — —x/y). Let 21,29 be

independent indeterminates and let w; = w(z1) and wy = w(z3). In the (z,w)-
plane, the slope of line connecting (z1,w;) and (29, ws) has slope

A=Az, 29) = e T S A,

2y — 21 n=3 22— X

n n
9 T &

€ Z[al, ...,aﬁ][[zl,ZQ]]

Letting v = v(z1, 29) = w; — Az and substituting w = Az — v into equation 4, we
get a cubic with roots z1, 2o and z3(say). Then
A\ + azA\? — ay — 2a4\v — 3ag\’v
1+ ag)\ + (I4>\2 + &6/\3

Letting w3 = A(z1, 22)23(21, 22) + v(21, 22),. Using uniqueness condition of propo-
sition 4.1(b), we get that ws = w(z3). i.e. we can compute the w coordinate of
—(z1,w1) — (22, ws) using the power series w.

In the (z,y)-plane, the inverse of (z,y) is (z, —y — a1z — a3). Remembering that
z = —x/y, we can compute z—coordinate of inverse of (z,w)

z(z) 22— ai—1— ..

(2) y(z) + a1x(z) a3 —z3+2a1272 4 ..
and similarly w—coordinate of inverse of (z,y) is w(i(z)). This gives formal addi-
tion law F(zy, 29) = i(23(21, 22)).

23 = 23(21,22) = —21 — 22 +

13



4.3 Formal Groups and their properties

Definition 4.3. Let R be a ring. A (one parameter commutative) formal group F
over R is a power series F'(X,Y) € R[z] with the following properties:

(a) F(X,Y) =X + Y+ (degree >2 terms)

(b) F(X,F(Y,Z))=F(F(X,Y),Z) (associativity)

(¢) F(X,Y)=F(Y,X) (commutativity)

(d) There is a unique power series i(T') € R[z] s.t. F(T,i(T)) =0
(¢) F(X,0) = X, F(0,Y) = Y

We call F(X,Y) the formal group law of F.

Definition 4.4. Let (F,F) and (G,G) be formal groups defined over R. A ho-
momorphism from F to G defined over R is a power series f € R[z] that satisfies

fIF(X,Y)) = G(f(X), f(Y)).
Isomorphim of formal groups are defined in the obvious way.

Definition 4.5. Let E be an elliptic curve given by Weierstrass equation with
coefficients in R. The formal group associated to E is given by F'(z1, z9) described
in previous section and is denoted by E.

Example 4.6. Let (F, F') be a formal group. Define homomorphisms [m] : F — F
inductively for m € Z:

OI(T) =0, [m+1(T) = F(Im|(T),T), [m—1)(T) = F(m|(T),i(T))
Proposition 4.7. (a) [m](T) = mT+ (higher order terms)
(b) If m € R*, then [m] : F — F is an isomorphism.

Proof. a) follows from induction on m and noting that 0 = F(T,i(T)) =T +i(T) +
.= i(T)=—-T+ ... (b) follows from following lemma. O

Lemma 4.8. Let a € R* and f(T) € R[T] be a power series of the form f(T) =

aT+ (higher-order terms). Then there is a unique power series g(T) € R[T] satis-

fying f(g(T)) =T. The series g also satisfies g(f(T)) =T.

Proof. Construct a sequence of polynomials g,(T) € R[T] inductively satisfying
Flgn(T)) =T (mod T"*')  and  gns1(T) = gu(T) (mod T™*)

Then the limit g(7") = lim ¢,(T) exists in R[T] and satisfies f(g(7")) = T. To
start the induction, let ¢,(T) = a~'T. To prove g(f(T)) = T, apply above to
g(T) =a 'T + ... to get h(T) € R[T] s.t. g(h(T)) =T. Now

g(f(1)) = g(f(g(M(T)))) = g(f 0 g(M(T))) = g(W(T)) =T
To prove uniqueness, let G(T') € R[T] be another power series satisfying f(G(T)) =
T. Then

14



Now we come to our main theorem of this section. We fix the following notation:

R a complete local ring
M the maximal ideal of R
k =R/M, the residue field of R

F  a formal group defined over R, with formal group law F(X,Y)

Definition 4.9. The group associated to F/R, denoted by F(M), is the set M
endowed with group operations x ®ry = F(z,y) and &z = i(z) for all z,y € M.

Example 4.10. Let E be the formal group associated to an elliptic curve £/K
where K = Q(R)(field of fractions). As noted in section 4.2, we have injective map

M — E(K),  zvr— (2(2) = 2/w(2),y(2) = —1/w(2))

The construction of the power series for E imply that this map is a homomorphism
from E(M) to E(K).

Theorem 4.11. Let p=char(k)(where p can be 0). Then every torsion element in
F (M) has order that is power of p.

Proof. Multiplying an arbitrary torsion element by an appropriate power of p, it
suffices to prove that there are no non-zero torsion elements of order prime to p.
So let m > 1 with (p,m) = 1. Since R is local, this means m € R*. So [m] is an
automorphism of the formal group F by proposition 4.7(b). Now let x € F(M)
such that [m](z) =0 = x =0. O
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5 Elliptic curves over local fields

Here we prove one key indredient (theorem 5.6) which is used in the proof of the
Weak Mordell-Weil theorem.
Following notation will be used throughout this section unless otherwise stated:

K alocal field, complete w.r.t a discrete valuation v
R ={x € K :v(x) > 0}, the ring of integers of K

R* ={z € K :v(z) =0}, the unit group of R

M ={z € K :v(z) > 0}, the maximal ideal of R
7w  a uniformizer for R i.e. M =7R
k  =R/M, the residue field of R

Let E'/K be an elliptic curve and let
E:y? + a1y + asy = 2° + asx® + aux + ag

be a Weierstrass equation for E/K. The substitution (z,y) — (u %z,u3y) leads
to a new equation in which a; is replaced by u’a;. So choosing u to be divisible by
large power of m, we can assume that all a; € R. So we have v(A) > 0. Since v is
discrete, among all such equations, we can choose one which minimises v(A).

Definition 5.1. Let E/K be an elliptic curve. A Weierstrass equation for E is
called minimal (Weierstrass) equation for E if v(A) is minimized subject to the
condition that ai,...,ag € R. The minimal value of v(A) is called valuation of
minimal discriminant of E at v.

Remark 5.2. Value of v(A) is changed only by a multiple of 12, so we can say that
a; € R and v(A) < 12 = the equation is minimal

If char(K') # 2,3 then converse also holds.

Proposition 5.3. A minimal Weierstrass equation is unique upto change
r=u’r +r, andy=udy + ulsx’ +t
of coordinates where u € R* and r,s,t € R.

Proof. The only non-trivial part in above proposition is why v € R*? This is clear
since 12v(u) + v(A’) = v(A) and v(A") = v(A) implies v(u) = 0. O
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5.1 Reduction modulo 7 and torsion points

The natural reduction map R — k = R/7R is denoted by t ~— #. Having chosen
a minimal Weierstrass equation for E/K, we reduce its coefficients modulo 7 to
obtain a (possibly singular) curve over k, called reduction of E modulo

E:y2+dla:y+d3y::E3+d2x2+d4x+d6
Let P € E(K), homogenous coordinates P = [zg, Yo, z0] With xg, 30,20 € R and

atleast one of them in R*. Then P = [7, 9o, %] € E(k). This defines a reduction
map

E(K) — E(k), P+—P
Define two subsets of E(K) as follows:
Ey(K):={P e E(K): P € E,(k)} = {Points in E(K)with non-singular reduction},
E\(K):={P e E(K): P =0} = ker(reduction map)
From proposition 5.3, the above sets do not depend upon the minimal Weierstrass
equation chosen.

Proposition 5.4. There is an evact sequence of abelian groups
0 —— Fy(K) —— Ey(K) 2% B, (k) —— 0

Proof. The non-trivial things to prove in this proposition are 1)Surjectivity of the
reduction map, 2)Reduction map is a homomorphism and 3) Ey(K) is a subgroup
of B(K).

Surjectivity is shown using Hensel’s lemma and completeness of K: Suppose
flx,y) = v* + ayry + azy — 23 — asx® — ayx — ag be minimal Weierstrass equation
and let P = (&, ) € E,s(k). WLOG assume 8f( ) # 0. Choose any zy € R with
To = &. Then f(xo,y) = 0 and modulo 7, it has simple root 3. Now use Hensel’s
lemma to lift this root to yg € R s.t. go = 5 and f(xo,yo) = 0.

To prove 2), Let Py, P, € Ey(K) and P; € E(K) be points satisfying P, + P» +
P; = O. Thus d a line L that intersects F at the three points P;, P, P53, counted
with appropriate multiplicities. The idea is to prove that L intersections E at
Pl,Pg,Pg with correct multiplicities from which it follows that Py € FEy(K) and
P, 4+ P, + P; = O but there are many cases to consider:

(a) Py, Py, P5 are distinct

(b) P, # P, but P, = P,

(c) P = P, # P3 and P =P + Ps , etc.

which can be proven case by case. O

Proposition 5.5. Let E/K be given by a minimal Weierstrass equation, let E/K
be the formal group associated to E and, let w(z) € R[t] be the power series from
section 4.2. Then the map is an isomorphism of groups.

A z 1
EM) — E|(K), zr— <w(z), —w<z)>
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Proof. In example, we obtained an injective map ( ) — E(K) given by above
mapping. Its image is in F4(K) since v(— 1/w( )) = —3v(z) < 0. It is surjective
since we have a well defined map Fi(K) — E(M) given by (x,y) — —zx/y whose
composition with above map is identity on E(M). O

Theorem 5.6. Let E/K be an elliptic curve and m > 1 be an integer such that
(m, char(k)) =1
(a) The subgroup Ey(K) has no non-trivial points of order m.

(b) Assume further that the reduced curve E/k is non-singular. Then the reduction
map E(K)[m] — E(k) is injective.

Proof. (a) is clear from theorem 4.11 and proposition 5.5. (b) is clear from the exact
sequence in proposition 5.4 and part (a) of this theorem(FE, (k) = E(k)). O

From section 3.1, the Weierstrass equation of the reduced curve E is one of the
three types. We classify E according to these possibilites.

Definition 5.7. (a) E has good (or stable reduction) if E is non-singular.
(b) E has multiplicative (or semi-stable reduction) if E has a node.

(¢) E has additive (or unstable reduction) if F has a cusp.
In cases (b) and (c), we say that E has bad reduction.

We also recall the definition of an unramified extension of K and inertia group of
Galois extensions of a local field. These definitions will be useful in next section.

Theorem 5.8. (/ , ], 11.4.8) Let K'/ K be a finite extension of degree n.
Then there is a unique extension w of valuation v where w = %v o Nk k. Morover,
K’ is complete w.r.t. the valuation w.

Definition 5.9. Let K'/K be a finite extension of local fields. We say that K'/K
is unramified if the residue field extension k'/k is seperable and [K' : K] = [k’ : k.

Definition 5.10. Let K'/K be finite Galois extension and o € Gal(K'/K), then
define 0 : k' — k', x mod p’' —— o(z) mod p’. Then ¢ € Gal(k'/k). So we have
map Gal(K'/K) — Gal(k'/k), 0 — . The kernel of this map is called inertia
group of K’/K, denoted by Ik k.
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6 Mordell-Weil Theorem

In this section, we complete the proof of the Mordell-Weil theorem for elliptic curves
over Q. First we prove the Weak Mordell-Weil theorem in full generality (over
number fields). Then we see descent theorem. Finally we define height function on
E(Q) and prove it has required properties thereby completing the proof of Mordell-
Weil theorem using descent theorem.

We fix the notation which will be used throughout this section:

o K a number field
e My a complete set of inequivalent absolute values on K
o M7p® the archimedian absolute values in My

e MY the non-archimedian absolute values in M

v(x) :=—log|x|,, for absolute value v € M
e R is the ring of integers of K, equals {z € K : v(z) > 0 Vv € My}
o K, is the completion of K at v € Mg

6.1 The Weak Mordell-Weil Theorem
In this section, we give the proof of the following theorem.

Theorem 6.1. (Weak Mordell-Weil theorem) Let m > 2 be an integer. Then
E(K)/mE(K) is a finite group.

For the rest of the section, let E/K and m are as in the theorem 5.1. The following
lemma says that it is sufficient to prove theorem 5.1 under additional assumption
that E[m] C E(K) (which we assume onwards).

Lemma 6.2. Let L/K be a finite Galois extension. Then
E(L)/mE(L) finite = E(L)/mE(L) finite
Proof. The inclusion F(K) — E(L) induces a natural map with kernel ®

E(K)NnmE(L)
mE(K)

For each P mod(mE(K)) € ®, choose Qp € E(L) satistfying [m|Qp = P. Then
define a map of sets

Ap: Gal(L/K) — E[m], o+—0(Qp)—Qp

It is well defined because [m](c(Qp) — Qp) = o([m|Qp) — [Mm|Qp = o(P) — P = O.
Now suppose P, P’ € E(K) N mE(L) satisfy Ap = Apr. Then

o(Qp) —Qp=0(Qp) —Qp = 0(Qp—Qp)=Qp—Qp

BE(K)/mE(K) — E(L)/mE(L), &=
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Hence Qp — Qp € E(K) = P — P = [m|(Qp — @p) € mE(K). This proves
that we have bijection of sets

® — Homges(Gal(L/K), Elm]), P+~ A\p
Therefore @ is finite and this implies F(K)/mFE(K) is finite. O

Next we define the Kummer pairing which reduces the problem of showing finite-
ness of £(K)/mE(K) to showing finiteness of the field extension L/K where L =
K(/m]7'E(K)) is the compositum of all fields K(Q) as @ ranges over all points in

E(K) satistying [m]Q € E(K).
Definition 6.3. The Kummer pairing » : F(K) x Gal(K/K) — i, is defined

as: For P € E(K), choose any ) € E(K) satisfying [m]Q) = P. Then
K(P.0) = 0(Q) - Q

The following are basic properties of Kummer pairing. Although these properties
can be proven directly, we remark that all these propeties follows immediately from
properties of group cohomology.

Proposition 6.4. a) The Kummer Pairing is well defined and is bilinear.
b) The kernel of the Kummer pairing on the left is mE(K) and on the right is
Gal(K /L) where L = K([m]"'E(K)) hence induces a perfect bilinear pairing

E(K)/mE(K) x Gal(L/K) = 1t

Proof. a) Checking that the Kummer pairing is well-defined is routine exercise (re-
membering that E[m] C E(K)). Bilinearity in first component is obvious. For
bilinearity in second component, we have

K(Por) = 07(Q) —Q = 0(1(Q) = Q) + (7(Q) — Q) = a(k(P,7)) + K(P,0)

and o(k(P, 7)) = k(P,7) because E[m] C E(K).

b) The kernels on the left and right part are obvious. The induced pairing is
perfect is also obvious once we see that the extension L/K is Galois. This follows
from the fact that the set [m] ' E(K) is Gal(K /K) invariant. Hence L/K is normal
extension. (it is seperable because char(K) = 0) O

From perfect pairing, we see that E(K)/mE(K) finite <= Gal(L/K) finite
(proof- Suppose E(K)/mE(K) is infinite given by {a;}3°; and Gal(L/K) is finite
given by {o;}* . Since range of pairing is finite, we can extract out a subsequence on
which o, is constant. Applying this process n times, we get a subsequence {a;; };";1
on which every o; is constant. Hence o;(a;, — a;,) = 1 for alli =1,...,n).

Now we look at some definitions and some facts from algebraic number theory.

Definition 6.5. Let £/K be an elliptic curve and v € M¥ be a discrete valuation.
We say E has good(resp.bad) reduction at v if E has good(resp. bad) reduction
when considered over K,. We denote the reduced curve over the residue field k, by

E/k,.
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Remark 6.6. Taking a Weierstrass equation for £/ K, y*+a1xy+asy = 2°+asx*+
asr + ag, with discriminant A. Then for all but finitely many v € MY, we have

v(a;) > 0foralli=1,...,6 and v(A) =0

For any v satisfying these conditions, £ /k, is non-singular. This shows that E has
good reduction at all but finitely many v € M.

We now give some standard facts from algebraic number theory. Recall the def-
inition of unramified extension of a local field and of inertia group of finite Galois
extensions of a local field from section 5.1.

Theorem 6.7. (] . [, 11.7.2) Let L/K and K'/K be two extensions
inside an algebraic closure K /K and letv € My be a discrete valuation and v' € My,
be a extension of v to K’ then

L/K unramified atv = LK'/K' unramified at o'

FEach subextension of an unramified extension at v is again unramified at v.

Corollary 6.8. The composite of two unramified extensions at v is again unramified
at v.

Now continuing our proof of theorem 6.9. The following are the properties of the
extension L/K.

Proposition 6.9. a) The extension L/K is abelian and has exponent m. i.e. every
element in Gal(L/K) has order dividing m.

b)Let S = {v € MY : E has bad reduction at v} J{v € M} : v(m) # 0} U M

Then L/K is unramified outside S.

Proof. (a) This follows immediately from 6.1 which implies that there is an injection
Gal(L/K) — Hom(E(K),E[m)), o+ k(-,0)

Note that every element of Hom(E(K), E[m]) has order dividing m.

(b) Let v € Mg\S and let Q € E(K) s.t. [m]Q € E(K) and let K’ be the normal
closure of K(Q). By corollary 6.8 the composite of two unramified extensions is
again unramified, it is sufficient to prove that K'/K is unramified. Let v' € Mg be
a place lying above v and k!, /k, be corresponding extensions of residue fields. Since
v & S, E has good reduction at v hence good reduction at v’ as well. Thus we have

E(K') — E(k})

the usual reduction map. 3

Let I,//, be the inertia group and o € I,//,. By definition o acts trivially on E(k,),
we have 0(Q) — Q = 0(Q) — @ = 0. Also [m](0(Q) — Q) = a([m]Q) — [m]Q = O.
By theorem 5.6(b), 0(Q)—Q = O. Since o was arbitrary, the inertia group I,s/, acts
trivially on all generators of K’/ K (generators are conjugates of point ). Therefore
K'/K is a unramified extension at v. O

We recall some results from algebraic number theory, Galois theory and Kummer
Theory which are used in the proof of the proposition 6.15.
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Theorem 6.10. (/ , ], 1.6.3) The ideal class group Cly of K is finite.

Let S C Mk be a finite subset of places of K which includes all the archimedian
places i.e. M2 C S.

Definition 6.11. Then the ring of S-integers, denoted by Rg is
Rs={a € K :v(a) >0 for all v € Mg with v € S}
The units in this ring are called the S-units.

Theorem 6.12. (/ , |, 1.11.7)The group of S-units is finitely generated.

Proposition 6.13. (/ , |, Proposition 14.19) Let L/K be a
Galois extension and K'/K be any extension (not necessarily finite), then LK'/K'
is a Galois extension, with Galois group

Gal(LK'/K") =2 Gal(L/LN K")

Theorem 6.14. (Kummer)Let K be a field contaning pi,. Then its mazximal
abelian extension of exponent m is the field K(a'/™ : a € K).

The next proposition says that any extension satisfying properties a) and b) of
proposition 6.9 is necessarily a finite extension thereby completing the proof of the

Weak Mordell-Weil theorem.

Proposition 6.15. Let K be any number field and S C My be finite set of places
containing M52, and let m > 2 be an integer. Let L/ K be mazimal abelian extension
of K which is unramified outside S. Then L/K is a finite extension.

Proof. Claim: WLOG, we can assume that u, C K.

Suppose the above proposition is true for some finite extension K’ of K, where S’
is the set of places of K’ lying over S. Since by 6.13 and 6.7, LK’/K’ is an abelian
exponent of exponent m and unramified outside S, so it is a finite extension. Again
by 6.13, L/L N K’ is a finite extension and L N K’/ K is finite since K’/ K was finite.
Therefore L/K is a finite extension.

Claim: WLOG, we can assume that Rg is a principal ideal domain.

We can also increase the size of S since this only has the effect of making L larger.
Now choose integral ideals a4, .. ., a; representating the ideal classes of K and adjoin
to S the valuations v, for primes p|a;...a,. Then Rg is a PID. To see this, note
that Rg is the localization of R w.r.t. the multiplicative set

( U p) \{0}
peS\ M2

Let A be any ring, then ideals of 77! A is in one to one correspondence with ideals
of A which do not meet S and if anNT # 0, then extension of a in T A is the whole
ring. Now it is clear that class group of Rg is trivial.

We also enlarge S so that v(m) =0 for v € S. By 6.14, L is the largest subfield
of K(a'/™ : a € K) which is unramified outside S. Now let v € Mg\ S and consider
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the equation X™ — a over K,,. Since v(m) = 0 and disc(X™ — a) = +m™a™"!, by
[ , ], I1.7, we have that K,(a'/™)/K, is unramified <= m|ord,(a).

It is clear that when we adjoin m' roots, it is sufficent to take only one represen-
tative for each class in K*/(K*)™. So if we let

Ts ={a € K*/(K*)™ : m|ord,(a) for all v € Mg\S}

Then L = K(a'™ : a € Ts). To complete the proof, it suffices to prove that Ty is
finite. Consider the natural map R — 7. Claim: This map is surjective.

Let a € Ts and let aRs = pi*...pS. Since mlord,(a) for all v ¢ S and prime
ideals of Rg correspond to the valuations v € Rg, we see that m|e; and aRg is mth
power of an ideal in Rg. Since Rg is PID, we can find b € K* s.t. aRg = 0" Rg. So
there is some u € R% s.t. a = ub™. So v and a give same elements Ts and prove the
surjectivity. Also, kernel clearly contains (R%)™ so we have

Rg/(Rg)™ — Ts
By theorem 6.12, RE/(R%)™ is finite. Hence T is finite. O

6.2 The Descent Theorem

It is easy to see that finiteness of E(K)/mE(K) does not imply finite generation
of E(K). For example, R/mR = 0 for every integer m > 1 but R is certainly not
f.g. abelian group. The problem is that in R, arbitrary large elements are divisible
by m. We will show that this is not the case with E(K') by defining an appropriate
notion "size” on E(K) and then showing [m| increases the "size”.

In this section we axiomatize the situation and describe the type of size (or height)
function needed to prove that an abelian group is finitely generated.

Theorem 6.16. (Descent Theorem) Let A be an abelian group. Suppose there
exists a (height) function h : A — R satisfying

(a) For every Q € A, 3 Cy only depending on A and E s.t.
h(P + Q) < 2h(P)+C, for all P € A

(b) There is an integer m > 2 and a constant Co depending only on A s.t.

h(mP) > m*h(P) — C, VP € A

(¢) For every constant Cs, the set {P € A: h(P) < Cs} is finite.

Suppose further that for the integer m in (b), the group A/mA is finite then A is
finitely generated abelian group.

Proof. Let Q1,Q2, ..., Q, be finitely many cosets representatives of A/mA. Let P
be an arbitrary element in A, then there exists indices 1,1, ..., %, and elements
Py, P, ..., P, € A such that

P:Qi1+mP1
Ple,-Z—i—mPg
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Pn—IZQin+mPn

For each index j, we have

W(P;) < —(h(2P) + C)

m
1 .
= (P~ Qi)+ C)
1
< S @h(B) + G+ Cy)
where C is the maximum of constants from (i) for @ € {—Q, ..., —Q,}. Using this
inequality repeatedly, we get
1\" 1 2 2\ 1\
h(P,) < (m2> WP+ = (14 = 4t (mz) (eN
1\" Cr+ Oy
— ) h(P -
= <m2> (P)+ m? — 2

1 1
< Q—nh(P) + 5(0{ +Cy)  since m > 2

So for n sufficiently large, we have h(P,) <1+ $(C{ + Cs)
Since P is a linear combination of P, and )y, ..., @,

P=m"P, + Z mjleij
j=1

Hence, the set
1
{Q1,Q2, ... Q. yU{P e A: h(P)<1+ 5(0{ + )}
generates A which is finite by (c). -

6.3 Mordell-Weil Theorem over Q
In this section, we complete the proof of the Mordell-Weil Theorem over Q:
Theorem 6.17. Let E/Q be an elliptic curve. Then E(Q) is finitely generated.

In order to apply the theorem 6.16, we need to define a height function on E(Q)
and prove that it has the required properties.

Definition 6.18. Let ¢t € Q and write ¢t = p/q as a fraction in lowest terms. Then
height of t, denoted by H (t) is defined by H(t) = maxz{|p|,|q|}

Definition 6.19. The logarithmic height on E(Q), relative to given Weierstrass
equation, is given by
logH (z(P)) it P#0

he: B — R, hx(P):{O P o
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Lemma 6.20. Let E/Q be an Elliptic curve given by a Weierstrass equation
E:y*=a2+Acx+B withA BeZ

(a) For every Py € C(Q), 3 Cy only depending on Py, A and B s.t.
h(P + Py) < 2h(P) + C for all P € C(Q)

(b) There is a constant Cy that depends only on A and B s.t.
h([2]P) > 4h(P) — Cy for all P € C(Q)

(c) For every constant Cs, the set {P € A : h(P) < Cs} is finite.

Proof. (a) Assume that C1 > max{h,(Fp), h.([2]Fo)} so that a) is true when Py = O
or P € {O,£F,}. In other cases, write

a b ag b
P = (l‘,y) = <d27d3> and PO = (ajOvyO) = <d§7d%>

where all fractions are in lowest terms. The addition law says that

_ 2
- 40

(w20 4 A) (2 4 30) + 2B — yyo
N (x — x0)?
(aao + Ad2d§)(ad3 + a0d2) -+ QBd4d3 — 2bdb0d0
(ad3 — agdr)?
In computing the height of a rational number, cancellation between numerator and
denominator can only decrease the height, so we have

H(z(P+ Py)) < Cimaz{lal*, |d[*, [bd]} (6)

where '] depends on A, B, ag, by, dy. Now P € C, so we have
v =a® + Aad* + Bd® = |b| < Cy"mazx{|a|*?, |d*} (7)
Combining this with above result, we get
H(z(P+ Ry)) < Cymax{|al?, |d|*} = C1H(x(P))?

Now taking logarithm completes the proof.
(b) Choose Cj to satisfy

Cy > dmax{h,(T) : T € E(Q)[2]}
so we may assume that [2]P # O. Now let P = (x,y), we have

xt — 2Ax% — 8Bz + A?
4a3 + 4Ax + 4B

e([2P) =
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Now define the homogenous polynomials
F(X,Y)=X*—-2AX?7? -8BX 7 + A*Z*,
G(X,Z)=4X"Z +4AX 7 +4BZ*
If we write 2(P) = a/b in lowest terms, then x([2]P) = F(a,b)/G(a,b).

In contrast to proof of (a), We are now to looking to lower bound the height on
doubling which means we have to bound how much cancellation occurs in numerator
and denominator of z([2]P).

To do this, we use the fact that F/(X, 1) and G(X, 1) are relatively prime polyno-

mials so they generate unit ideal in Q[X]. This implies that identities of following
sort exitst. (remember that A # 0)

Lemma 6.21. Let A = 4A3 4+ 2782, and define polynomials
F(X,Y)=X*—-2AX?7? —-8BX 7>+ A*Z*,

(X, 2)
f1(X,2) =12X?7Z + 16AZ>,
91(X,Z) =3X® - 5AX7* - 27TBZ°,
f2(X,2) =4AX? — 4A’BX?7 + 4A(3A® + 22B*) X 7% + 12B(A® + 8B%) 2%,

Then the following identities hold in Z[A, B, X,Y]:
fl(XaZ)F(X>Z)_gl(Xaz)G(Xaz):4AZ7 (8)

Proof. This can be verified directly via a tedious calculation. The identities can be
obtained using euclidean algorithm or using theory of resultants. O

Now let ¢ = gcd(F(a,b),G(a,b)). From equations 8 and 9, we get g[4A. In
particular, |g| < 4|A| and we get

max{|F(a, b)|7 |G(a7 b)|}
H(2P) = S

On the other hand, the same identities gives

[4AYT| < 2maz{] fi(a,b)|, |g1(a, b)[}maz{| F(a,b)],|G(a, b)[}
[4Aa"| < 2maz{|f2(a,b)l, lg2(a, b)[}maz{|F(a,0)], G (a, )|}

Looking at the expressions for fi, f2, g1, 92 in Lemma 6.21, we get

maz{| fi(a, )], lg1(a. b)], | f2(a, D)1, [g2(a, 0)|} < Cmaz{lal’, [b]°}

where C' is a constant depending on A and B. Combining last three inequalities

maz{[4Aa’[, [4AV"[} < 2Cmaz{|al*, |b]*}maz{| F(a,b)|,|G(a, b)[}
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Cancelling mazx{|a|?,|b|*} from both sides and using H(z(P)) = maz{|al, |b|},

maz{|F(a,b)|,|G(a,b)|}
N

> (2C) " max{al*, [b]"}
(c) This is clear since for any constant C', the set

{teQ: HP)<C}

is finite since it can have atmost (2C' + 1)? elements and for any value of x, there
can be atmost 2 values of y. Hence the given set is finite. O

The Mordell-Weil theorem over QQ follows using lemma 6.20 and theorem 6.16,
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